This is a paper in a series systematically to study toroidal vertex algebras. Previously, a theory of toroidal vertex algebras and modules was developed and toroidal vertex algebras were explicitly associated to toroidal Lie algebras. In this paper, we study twisted modules for toroidal vertex algebras. More specifically, we introduce a notion of twisted module for a general toroidal vertex algebra with a finite order automorphism and we give a general construction of toroidal vertex algebras and twisted modules. We then use this construction to establish a natural association of toroidal vertex algebras and twisted modules to twisted toroidal Lie algebras. This together with some other known results implies that almost all extended affine Lie algebras can be associated to toroidal vertex algebras.
Introduction
Extended affine Lie algebras are natural generalizations of affine Kac-Moody Lie algebras (see [AABGP] ), where an important family of extended affine Lie algebras consists of toroidal Lie algebras which are central extensions of multi-loop algebras of finite dimensional simple Lie algebras. It is known that (untwisted) affine Lie algebras can be canonically associated with vertex algebras and modules (cf. [FZ] , [DL] , [Li1] , [LL] ), while twisted affine Lie algebras can be associated with vertex algebras in terms of twisted modules (see [FLM] , [Li2] ). In [BBS] , a natural connection of certain toroidal Lie algebras with vertex algebras was established. On the other hand, it is natural to study suitable toroidal analogues of vertex algebras and their relations with toroidal Lie algebras from a different perspective. This is also potentially important from the viewpoint of physics conformal field theory in high dimensions (cf. [IKU] , [IKUX] ). With this as the main driving force, a theory of toroidal vertex algebras and modules was developed and toroidal vertex algebras and their modules were associated to toroidal Lie algebras in [LTW2] .
In the current paper, we continue to study twisted modules for toroidal vertex algebras, with a goal to associate twisted modules for certain toroidal vertex algebras to modules for twisted toroidal Lie algebras. To achieve this goal, we develop a theory of twisted modules for a toroidal vertex algebra with a finite order automorphism and we establish a conceptual construction of toroidal vertex algebras and twisted modules. By using this general result, we successfully associate twisted modules for certain toroidal vertex algebras to twisted toroidal Lie algebras.
Note that affine Kac-Moody algebras were classified as untwisted affine Lie algebras and twisted affine Lie algebras, where untwisted affine Lie algebras can be realized as the universal central extensions of loop algebras of finite dimensional simple Lie algebras and twisted affine Lie algebras can be realized as fixed points subalgebras of untwisted affine Lie algebras under Dynkin digram automorphisms (see [K] ). For extended affine Lie algebras, essentially this is also the case; it was proved (see [ABFP, N1, N2, BGK, BGKN, Y] ) that almost all extended affine Lie algebras (except those constructed from the centerless irrational Lie tori) can be realized as twisted toroidal Lie algebras. In view of this, almost all extended affine Lie algebras can be associated to toroidal vertex algebras. Now, we give a more detailed account of the contents of this paper. First, an (r + 1)-toroidal vertex algebra (with r a positive integer) is defined (see [LTW2] ) to be a vector space V equipped with a linear map
1 , . . . , x Now, let V be an (r + 1)-toroidal vertex algebra with a finite order automorphism σ of period N. We define a σ-twisted V -module to be a vector space W equipped with a linear map
1 , . . . , x We then give a conceptual construction of toroidal vertex algebras and twisted modules, analogous to a result of [Li2] for vertex algebras. Let W be a vector space and let r and N be positive integers. Set
We equip the space E(W, r; N) with the following Z N -grading
r ]]((x 0 ))). Let σ be the linear automorphism of E(W, r; N) with E(W, r; N) s as the eigenspace of eigenvalue e 2πis/N for 0 ≤ s < N. We call a subset U of E(W, r; N) local if for any a(x 0 , x), b(x 0 , x) ∈ U, there exists a nonnegative integer k such that
As the main result, we prove that every graded local subspace U of E(W, r; N) generates an (r + 1)-toroidal vertex algebra U in a certain canonical way with σ as an automorphism of period N and that W is a natural σ-twisted module for U . The second half of this paper is devoted to establishing an association of toroidal vertex algebras to twisted toroidal Lie algebras. Let g be a finite dimensional simple Lie algebra and let σ 0 , σ 1 , . . . , σ r be mutually commuting automorphisms of g with finite orders N 0 , N 1 , . . . , N r , respectively. Set G = σ 0 , σ 1 , . . . , σ r ⊂ Aut(g). Consider the following (r + 1)-loop Lie algebra
and its central extension
Let τ be the G-fixed points subalgebra
Note that it was proved in [ABFP] that for almost all extended affine Lie algebras of nullity r + 1, the centerless core is isomorphic to such a Lie algebra τ .
To associate (r + 1)-toroidal vertex algebras to twisted toroidal Lie algebra τ , we consider a subalgebra of the (r + 1)-toroidal Lie algebra
a subalgebra of L. For any complex number ℓ, we construct an (r+1)-toroidal vertex algebra V L (ℓ, 0) whose underlying vector space is the following induced module
where g ⊕ C is equipped with a suitably defined L ≥0 -module structure such that c acts as scalar ℓ. The automorphism σ 0 of g is shown to induce an automorphismσ of V L (ℓ, 0) with order N 0 . Then we show that the category of restricted τ -modules of level ℓ is naturally isomorphic to that ofσ-twisted V L (ℓ, 0)-modules satisfying a certain equivariance property (see Theorem 4.7 for details).
This paper is organized as follows: In Section 2, we define the notation of twisted module for a general toroidal vertex algebra and we present some basic results. In Section 3, we give a general construction of toroidal vertex algebras and their twisted modules. In Section 4, we associate toroidal vertex algebras and their twisted modules to twisted toroidal Lie algebras.
Twisted modules for toroidal vertex algebras
In this section, we define the notion of twisted module for a toroidal vertex algebra with a finite order automorphism and we present some basic properties for twisted modules.
First of all, throughout this paper, we denote by C, N, and Z the field of complex numbers, the set of nonnegative integers, the set of integers, respectively. The symbols x, y, z, x 0 , y 0 , z 0 , x 1 , y 1 , z 1 , . . . denote mutually commuting independent formal variables. All vector spaces in this paper are considered to be over C.
Let r be a positive integer which is fixed throughout this paper. For any m = (m 1 , . . . , m r ) ∈ Z r , we set
As a convention, we write For a vector space W and a positive integer N, we set
In particular, we write E (W, r) for E (W, r; 1), i.e.,
Recall the formal delta-function
From the Jacobi identity (2.4) we get
for m ∈ Z r . Let V 1 and V 2 be (r + 1)-toroidal vertex algebras. An (r + 1)-toroidal vertex algebra homomorphism from V 1 to V 2 is a linear map σ such that
An automorphism of an (r + 1)-toroidal vertex algebra V is defined to be a bijective homomorphism from V to V .
Next, we define a notion of twisted module for an (r + 1)-toroidal vertex algebra V . Let σ be a finite order automorphism of V and let N be a period of σ. (Here, N is a positive integer such that σ N = 1, but N is not necessarily the order of σ.) Set
such that
and such that the following σ-twisted Jacobi identity holds for u, v ∈ V :
Proof. As u ∈ V s , from (2.8) we get
Using (2.3), one can also write (2.10) as
Taking v = 1 in (2.10), we get
Then applying Res z 0 z −1 0 (or setting z 0 = 0) we have
From this we get (2.9).
Let (W, Y W ) be a σ-twisted V -module and let u ∈ V s , v ∈ V as in Lemma 2.3. Applying Res z 0 to (2.11), we obtain the following twisted commutator formula
(2.12)
for m ∈ Z r , where
Multiplying (2.10) by
where
If we use (2.11), similarly we get the following variation
where X is given as above.
there exists a nonnegative integer ℓ such that
(2.17)
Then the assertion follows from (2.12) immediately.
To prove part (b), let k ∈ N be such that (2.16) holds and let l ∈ N be such that
which imply
In view of this, we have
Using (2.15), delta-function substitution, and (2.16), we obtain
Multiplying both sides by z −k 0 , we obtain (2.17). The property (a) in Lemma 2.4 is called weak commutativity, while property (b) is called weak twisted associativity. Just as with twisted modules for vertex algebras (see [Li2] ), the converse of Lemma 2.4 also holds.
Lemma 2.5. Let V be an (r + 1)-toroidal vertex algebra and let σ be an automorphism of period N. In the definition of a σ-twisted V -module, the twisted Jacobi identity can be equivalently replaced by the weak commutativity and the twisted weak associativity.
Proof. Let u ∈ V s , v ∈ V and w ∈ W with 0 ≤ s < N. Let k ∈ N be such that (2.16) and (2.17) hold and such that x
As the expression on the right-hand side involves only nonnegative integer powers of x 0 , so does the expression on the left-hand side. Thus
Then using delta-function substitution and (2.17) we get
Multiplying by x
, we obtain the twisted Jacobi identity. Using (2.13), Lemma 2.3 in [Li2] , and (2.7), we immediately have the following analogue of one half of Lemma 2.11 therein:
Lemma 2.6. Let V be an (r + 1)-toroidal vertex algebra with a finite order automorphism σ of period N and let (W, Y W ) be a faithful σ-twisted V -module. Let
on W , then we have
Remark 2.7. Note that for twisted modules for a vertex algebra, the converse of Lemma 2.6 is also true (see [Li2] ) as a vertex algebra itself is always a faithful module. However, this is not the case here; an (r + 1)-toroidal vertex algebra itself is not necessarily a faithful module. Due to this, we cannot claim the converse of Lemma 2.6.
Construction of toroidal vertex algebras and their twisted modules
In this section, we give a general construction of (r + 1)-toroidal vertex algebras and their twisted modules from local subsets of E(W, r; N) with W being an arbitrary vector space. Let W be a vector space in addition to positive integers r and N, which are all fixed throughout this section. Recall
r ]] as the eigenspace of eigenvalue ω j N for 0 ≤ j < N. Namely,
r ]] is σ-stable if and only if it is graded. It is clear that E(W, r; N) is a graded subspace, so that σ is a linear automorphism. We have , r; N) . We say that a(x 0 , x) and b(x 0 , x) are mutually local if there exists a nonnegative integer k such that
Furthermore, we say a subset U of E(W, r; N) is local if for any a(x 0 , x), b(x 0 , x) ∈ U, a(x 0 , x) and b(x 0 , x) are mutually local. , r; N) . Assume that a(x 0 , x) and b(x 0 , x) are mutually local and assume a(x 0 , x) ∈ E(W, r; N) j with 0 ≤ j < N. Then we define
where 
Let k ∈ N be such that (3.4) holds. Noticing that for any integer q with q ≥ k,
we have
Suppose that a(x 0 , x) and b(x 0 , x) are mutually local with k ∈ N such that (3.4) holds. Then
which (by using the information from two sides) implies
Using delta-function substitution and (3.4), we get
Therefore, we obtain (cf. [LTW1] , Lemma 2.9)
This gives a different definition of Y E (a(y 0 , y); z 0 , z)b(y 0 , y).
For any graded local subspace U of E(W, r; N), we extend the definition linearly to define a(y 0 , y) m 0 ,m b(y 0 , y) for any a(
The following is a key result to the construction:
Let k ∈ N be such that k + m 0 > 0 and
Assume a(x 0 , x) ∈ E(W, r; N) s with 0 ≤ s < N. We have
we get
as desired.
A graded local subspace U of E(W, r; N) is said to be closed if
The following is the main result of this section:
Theorem 3.5. Let V be a closed graded local subspace of E(W, r; N). Then (V, Y E , 1 W ) carries the structure of an (r + 1)-toroidal vertex algebra with σ as an automorphism which has N as a period and W is a faithful σ-twisted V -module with
Proof. For any b(x 0 , x) ∈ E(W, r; N), from Definition 3.1 we have
On the other hand, for any a(x 0 , x) ∈ E(W, r; N) s with 0 ≤ s < N, we have
To prove the Jacobi identity, let a(x 0 , x), b(x 0 , x), c(x 0 , x) ∈ V such that a(x 0 , x) ∈ E (W, r; N 0 ) λ and b(x 0 , x) ∈ E (W, r; N 0 ) µ with 0 ≤ λ, µ < N. For simplicity, in the following, we write Res u 0 ,v 0 for Res u 0 Res v 0 . By Definition 3.1, we have
Let k be a nonnegative integer such that
Using the basic delta-function substitution property we get
Consequently,
Similarly, we have
On the other hand, we have
and furthermore we have
Note that for any α ∈ C, (x + y) α involves only integer powers of y. Then we have
This proves that the Jacobi identity holds. Therefore, (V, Y E , 1 W ) carries the structure of an (r + 1)-toroidal vertex algebra. As V is a graded subspace of E(W, r; N), σ is naturally a linear automorphism of V . It follows from Lemma 3.2 that σ is an automorphism of V viewed as an (r + 1)-toroidal vertex algebra and σ N = 1.
For a(x 0 , x) ∈ V , we set
For a(x 0 , x), b(x 0 , x) ∈ V , from assumption they are mutually local. To show that (W, Y W ) is a σ-twisted V -module, in view of Lemma 2.5 we need to establish weak associativity. Let k be a nonnegative integer such that
Assume a(x 0 , x) ∈ E(W, r; N) s with 0 ≤ s < N. Let w ∈ W be an arbitrarily fixed vector in W and let ℓ be a nonnegative integer such that
From Remark 3.3, we have
This proves
By Lemma 2.5, W is a σ-twisted V -module. It is clear that W is faithful.
Using Lemma 3.4 and Theorem 3.5, we immediately have (cf. [Li2] ): Corollary 3.6. Let U be any graded local subspace of E(W, r; N). Then there exists a smallest closed graded local subspace U that contains U, and U is an (r + 1)-toroidal vertex algebra with W as a canonical faithful σ-twisted module.
In view of Theorem 3.5, we alternatively call a closed graded local subspace of E(W, r; N) an (r + 1)-toroidal vertex subalgebra of E(W, r; N).
Let V be any (r + 1)-toroidal vertex subalgebra of E(W, r; N). Note that by Theorem 3.5, (W, Y W ) is a faithful σ-twisted V -module with Y W (a(x 0 , x); z 0 , z) = a(z 0 , z) for a(x 0 , x) ∈ V . In view of Lemma 2.6, we immediately have: Corollary 3.7. Let V be an (r + 1)-toroidal vertex subalgebra of E(W, r; N), let
4 (r+1)-toroidal vertex algebras and twisted modules associated to twisted toroidal Lie algebras
In this section, we shall associate (r + 1)-toroidal vertex algebras and their twisted modules to certain twisted toroidal Lie algebras by using the general construction established in Section 3. Let g be a finite dimensional simple Lie algebra and let ·, · be the killing form which is normalized such that α, α = 2 for any long root α. Let σ 0 , σ 1 , . . . , σ r be r + 1 mutually commuting finite order automorphisms of g, which are fixed throughout this section.
Set o(σ i ) = N i for 0 ≤ i ≤ r and set
Note that every automorphism of g preserves the killing form (cf. [K] ) and symmetric invariant bilinear forms on g are unique up to scalar multiples (as g is simple). It follows that all σ i for 0 ≤ i ≤ r preserve ·, · . Consider the following (r + 1)-loop Lie algebra
Form a 1-dimensional central extension
where c is central and
Definition 4.1. For 0 ≤ i ≤ r, we define an automorphismσ i of the Lie algebra
Note thatσ i depends on both the index i and the corresponding automorphism σ i . We particularly mention that for 0 ≤ i = j ≤ r,σ i andσ j are different even though σ i and σ j could be the same. The notationσ i , which is somewhat misleading, is for the purpose of convenience.
Set
It is straightforawrd to show that
Set N = (N 1 , . . . , N r ). Furthermore, we set
Note that G is a homomorphism image of G withσ i corresponding to σ i for 0 ≤ i ≤ r. Then G (and G + ) naturally acts on g by automorphisms. Set
where for m 0 ∈ Z, m = (m 1 , . . . , m r ) ∈ Z r ,
and we also set
for m ∈ k + Λ(N), and define a τ (x 0 , m) = 0 for m / ∈ k + Λ(N). We then define a τ (x 0 , x) for general a ∈ g by linearity.
A τ -module W is said to be of level ℓ if c acts on W as scalar ℓ, and W is called a restricted module if
Let W be a restricted τ -module of level ℓ. Set
It follows from (4.15) that U W is a graded local subspace of E (W, r; N 0 ). In view of Corollary 3.6, U W generates an (r+1)-toroidal vertex subalgebra U W of E (W, r; N 0 ) and W is a faithful σ-twisted U W -module with
In the following, we are going to characterize U W as a module for another Lie algebra. Consider the (r + 1)-loop algebra
which is equal to L r+1 (g, N 0 ) with N 0 = 1. As before, G + acts on L r+1 (g) by automorphisms. Set (4.19) where for m = (m 1 , . . . , m r ) ∈ Z r ,
Let χ : G + → C × be the group homomorphism, i.e., a linear character of G + , uniquely determined by
More generally, for any m = (m 1 , . . . , m r ) ∈ Z r , we define χ m to be the linear character of G + , uniquely determined by
(4.20)
It can be readily seen that for m, n ∈ Z r , χ m = χ n if and only if m − n ∈ Λ(N). For n ∈ Z r , using the character χ n we have
It follows that for m, n ∈ Z r with m − n ∈ Λ(N), we have g m = g n . For any
For a ∈ g and m ∈ Z r , set 23) where
In particular, if a ∈ g k with k ∈ Z r , we have
. An L-module W is said to be of level ℓ ∈ C if c acts on W as scalar ℓ and W is called a restricted module if
We have:
; y 0 , y) for a ∈ g and with c acting as scalar ℓ. Furthermore,
Proof. Let a ∈ g k , b ∈ g with k ∈ Z r and let m ∈ k + Λ(N) ⊂ Z r . Combining (4.15) with Corollary 3.7, we get
On the other hand, notice that from (3.5), we have Y E (a τ (t 0 , t); x 0 , m) = 0 for m / ∈ k + Λ(N). Then the first assertion follows. From Corollary 3.7, the second assertion also follows. Lemma 4.3. Let ℓ be a complex number. Then there exists an L ≥0 -module structure on g ⊕ C with c acting as scalar ℓ and with
-module with deg C = 0 and deg g = 1.
For ℓ ∈ C, denote by (g ⊕ C) ℓ the L ≥0 -module obtained in Lemma 4.3. Then form an induced module
(4.30)
In view of the P-B-W theorem, we have
as a vector space. Consequently,
Identify g with the subspace 1 ⊗ g through the map a → 1 ⊗ a.
Corollary 4.4. Let W be a restricted τ -module of level ℓ. Then there exists an L-module homomorphism
such that φ W (a + µ) = a τ (x 0 , x) + µ1 W for a ∈ g, µ ∈ C.
Proof. It follows from Lemma 4.2 that there exists an L ≥0 -module homomorphism φ 0 W from (g ⊕ C) ℓ to U W such that φ 0 W (a + µ) = a τ (x 0 , x) + µ1 W for a ∈ g, µ ∈ C.
Then from the construction of V L (ℓ, 0), we see that φ 0 W extends uniquely to an L-module homomorphism φ W : V L (ℓ, 0) → U W ⊂ E (W, r; N 0 ), as desired.
Theorem 4.5. Let ℓ be any complex number. Then there exists an (r + 1)-toroidal vertex algebra structure on V L (ℓ, 0), which is uniquely determined by the conditions that 1 is the vacuum vector and that
Proof. Since V L (ℓ, 0) = U (L) (g + C1), the uniqueness follows immediately. In the following, we establish the existence by applying Theorem 3.10 in [LTW2] . Temporarily, take σ 0 = 1 (with N 0 = 1) and W = V L (ℓ, 0) in (4.32). Then we have τ = L and It then follows fromTheorem 3.10 in [LTW2] that (V L (ℓ, 0), Y, 1) carries the structure of an (r + 1)-toroidal vertex algebra.
Proof. From Corollary 3.6, W is a faithful σ-twisted U W -module. To show that W is aσ 0 -twisted V L (ℓ, 0)-module, we next show that there exists an (r + 1)-toroidal vertex algebra homomorphism ψ : V L (ℓ, 0) → U W such that ψ •σ 0 = σ • ψ. From Corollary 4.4, we have an L-module homomorphism φ W from V L (ℓ, 0) to U W . Notice that φ W (a) = a τ (x 0 , x) for a ∈ g.
Then for any a ∈ g, v ∈ V L (ℓ, 0), we have
From Lemma 2.10 in [LTW2] , we see that φ W is an (r + 1)-toroidal vertex algebra homomorphism from V L (ℓ, 0) to U W . For a ∈ g s,s with (s, s) ∈ Z × Z r , as a τ (x 0 , x) ∈ E (W, r; N 0 ) s , we have
Since V L (ℓ, 0) is generated by g and 1, it follows that φ W •σ 0 = σ • φ W . Then φ W is an (r + 1)-toroidal vertex algebra homomorphism that we need. Consequently, W is aσ 0 -twisted V L (ℓ, 0)-module with Y W (a; x 0 , x) = a τ (x 0 , x) for a ∈ g. Let a ∈ g m with m ∈ Z r . For 1 ≤ i ≤ i, we have 
